Abstract. In this paper, we use the 2-decent method to find a series of odd non-congruent numbers ≡ 1 (mod 8) whose prime factors are ≡ 1 (mod 4) such that the congruent elliptic curves have second lowest Selmer groups, which includes Li and Tian's result [5] as special cases.
Introduction
The congruent number problem is about when a positive integer can be the area of a rational right triangle. A positive integer n is a non-congruent number is equivalent to that the congruent elliptic curve
has Mordell-Weil rank zero. In [3] and [4] , Feng obtained several series of noncongruent numbers for E (n) with the lowest Selmer groups. In [5] , Li and Tian obtained a series of non-congruent numbers whose prime factors are ≡ 1 (mod 8) such that E (n) has second lowest Selmer groups. The essential tool of the above results is the 2-descend method of elliptic curves. In this paper, we will use this method to get a series of odd non-congruent numbers whose prime factors are ≡ 1 (mod 4) such that E (n) has second lowest Selmer groups, which includes Li and Tian's result as special cases.
Suppose n is a square-free integer such that n = p 1 · · · p k ≡ 1 (mod 8) and primes p i ≡ 1 (mod 4), then by quadratic reciprocity law pi pj = pj pi . Definition 1.1. Suppose n = p 1 · · · p k ≡ 1 (mod 8) and p i ≡ 1 (mod 4). The graph G(n) := (V, A) associated to n is a simple undirected graph with vertex set V := {prime p | n} and edge set A := {pq :
Recall for a simple undirected graph G = (V, A), a partition V = V 0 ∪V 1 is called even if for any v ∈ V i (i = 0, 1), #{v → V 1−i } is even. G is called an odd graph if the only even partition is the trivial partition V = ∅ ∪ V . Then our main result is:
. If the graph G(n) is odd and δ(n) (as given by (16)) is 1, then for the congruent elliptic curve E = E (n) ,
As a consequence, n is a non-congruent number. 
As a consequence, n is a non-congruent number.
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2.
Review of 2-descent method.
In this section, we recall the 2-descent method of computing the Selmer groups of elliptic curves. This section follows [5] pp 232-233, also cf. [1] §5 and [7] X.4.
For an isogeny ϕ : E → E ′ of elliptic curves defined over a number field K, one has the following fundamental exact sequence
Moreover, if ψ : E ′ → E is another isogeny, for the composition ψ • ϕ : E → E, then the following diagram of exact sequences commutes (cf. [8] p 5):
Now suppose n is a fixed odd positive square-free integer, K = Q, and E/Q, E ′ /Q, ϕ, ψ = ϕ ∨ are given by
).
Then ϕψ = [2] , ψϕ = [2] . In this case ι 1 and ι 2 are exact.
,
Similarly,
The 2-descent method to compute the Selmer groups S (ϕ) (E/Q) and S (ψ) (E ′ /Q) is as follows (cf. [7] for general elliptic curves). Let S = {prime factors of 2n} ∪ {∞},
Note that Q(S, 2) is represented by factors of 2n and we identify these two sets. By the exact sequence
and C d /Q is the homogeneous space for E/Q defined by the equation
Similarly, suppose
The ψ-Selmer group
The method to computeS (ϕ) (E/Q) follows from [1] §5, Lemma 10:
Note that the existence of σ, τ, µ follows from Hasse-Minkowski theorem (cf. [6] ).
Local computation
We need a modification of the Legendre symbol. For x ∈ Q p or ∈ Q such that ord p (x) is even, we set
Thus ( p ) defines a homomorphism from {x ∈ Q × /Q ×2 : ord p (x) is even} to {±1}.
Computation of Selmer groups.
In this subsection, we will find the conditions when C d or C ′ d is locally solvable. We will not give details since one only need to consider the valuations and quadratic residue.
Proof. In this case
•
Combining (i) and (ii) follows the lemma.
Proof. In the case C
3.2.
Computation of the images of Selmer groups. Suppose 0 < 2d ∈ S (ϕ) (E/Q), d is odd with no ≡ 3 (mod 4) prime factor, we want to find a necessary condition for 2d ∈S (ϕ) (E/Q). Write 2d = τ 2 + µ 2 and select the triple (σ, τ, µ) in Lemma 2.1 to be (2n, nτ /d, µ). Then the defining equations of M 4ndb in (9) can be written as
By abuse of notations, we denote the above curve by M b . We use the notation O(p m ) to denote a number with p-adic valuation ≥ m.
It's easy to see v(t) = v(z), we may assume that z = 1,
Take the square root on both sides, then
but on the other hand,
The sign must be positive and
and
If v(bu 2 ) = 2, then nα p ≡ ± n pτ (mod p), and
which is impossible! Thus v(bu 2 ) = 1 and p | b,
Note that 2τ ≡ τ + µi p (mod p) and 
The case p | n d . In this case t is a p-adic unit if and only if w is so. 
(ii) If v(z) = 0 and w = pw 1 , t = pt 1 , then w
Note that
From now on, suppose n = p 1 · · · p k ≡ 1 (mod 8) and
Note that 
By Lemmas 2.1, 3.1, 3.3 and 3.4, and we have 
4. Proof of the main result 4.1. Some facts about graph theory. We now recall some notations and results in graph theory, cf. [3, 4] .
The Laplace matrix L(G) of G is defined as
where d i is the degree of v i . Proof. The proof of the first two parts follows from [3] . We have a bijection
where
. . .
(1) The number of even partitions is
(2) follows from (1) easily. (3) Since L is of rank k−1, the image space of L is of dimensional k−1, but it lies in the hyperplane x 1 + · · · + x k = 0, thus they coincide and the result follows.
4.2.
Graph G(n) and Selmer groups of E and E ′ . From now on, we suppose
Recall for an integer a prime to n, the Jacobi symbol a n = p|n a p , which is extended to a multiplicative homomorphism from {a ∈ Q × /Q ×2 : ord p (a) even for p | n} to {±1}. Set a n := 1 2 1 − a n .
The symbol [ n ] is an additive homomorphism from {a ∈ Q × /Q ×2 : ord p (a) even for p | n} to F 2 .
By definition, the adjacency matrix M (G(n)) has entries a ij = pi pj . For 0 < d | n, we denote by {d,
The following proposition is a translation of results in Lemma 3.1 and Lemma 3.2:
(1) For the Selmer group S (ϕ) (E/Q),
Then 2d ∈ S (ϕ) (E/Q) if and only if d > 0 and
Proof. One only has to show (1-b), the rest is easy. For any i, let [i] be the set of j such that p i and p j are both prime divisors of d or n/d. Then
Then ( 
We define
Then the following is a consequence of Proposition 3.5. 
